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Modeling of Tapered Sandwich Panels Using
a High-Order Sandwich Theory Formulation

Ole Thybo Thomsen¤

Aalborg University, DK-9220 Aalborg East, Denmark
and
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A newly developed high-order sandwich theory formulation is presented, which enables the analysis of sandwich
beams or plates with variable core thickness. The faces are assumed to be of constant thickness and may be
inclined arbitrary angles ®1 and ®2 , respectively, relative to the sandwich panel reference plane. The core thickness
may change linearly over the length of the sandwich panel. The core is modeled as a specially orthotropic solid
possessing stiffness in the out-of-plane direction only, thus including the transverse core � exibility in the modeling.
The faces are modeled as laminated beams or plates including bending–stretching coupling and transverse shear
effects. To validate the proposed high-order theory, the numerical results are compared with results obtained
from � nite element analysis, and a close match is observed. Furthermore, to demonstrate the features of the
developed high-order sandwich theory formulation, numerical results obtained for two different types of tapered
sandwich beams in three-point bending are presented. The characteristics of the elastic responses of the two
sandwich panel con� gurations are compared with special emphasis on the complicated interaction between the
faces through the core material. The analyses show that severe localized bending effects are displayed in the vicinity
of load introduction and support points and in the vicinity of points/locations of abrupt geometric changes. These
localized bending effects induce severe stress concentrations and may severely endanger the structural integrity of
the sandwich panels under consideration.

Nomenclature
Ai

11 = extensional stiffness of faces, N ¢ mm¡1

B i
11 = coupling stiffness of faces, N

C i
55 = transverse shear stiffness of faces, N ¢ mm¡1

c = core thickness, mm
ci = partial core thickness in tapered sandwich panel,

c1 C c2, mm
c0

i ; cend
i = initial and end values of partial core thicknesses

in tapered sandwich panel, mm
ck = initial and � nal values of core thickness c over

length L , where k D 0; e, mm
Di

11 = bending stiffness of faces, N ¢ mm
Ec = Young’s modulus of core, N ¢ mm¡2

E i
11 = Young’s modulus of faces, N ¢ mm¡2

fi = thickness of faces, mm
Gc = shear modulus of core, N ¢ mm¡2

G i
13 = transverse shear modulus of faces, N ¢ mm¡2

L = length of tapered sandwich panel or half-length
of sandwich beam in three-pointbending, mm

L j = partial lengths of combined section sandwich
beam in three-point bending,
where j D a; b; L D La C Lb , mm

Mi = bending moment resultant in faces, N
m i ; ni ; qi = distributed moments, in-plane face load,

and out-of-plane face loads, MPa
Ni = normal stress resultant in faces, N ¢ mm¡1
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Q i = transverse shear stress resultant
in faces, N ¢ mm¡1

Q i
11 = in-plane stiffness coef� cients for faces, N ¢ mm¡2

Q i
55 = transverse shear stiffness coef� cient

for faces, N ¢ mm¡2

uc = in-plane (horizontal) displacement
of core material, mm

u i = in-plane displacement of faces in local face
coordinates,mm

u0i = in-plane displacement of midplanes of faces, mm
wc = out-of-plane(vertical) displacement of core, mm
wi = out-of-planedisplacementsof faces

in local face coordinates, mm
x = horizontal (in-plane) coordinate,mm
xc = horizontal (in-plane) core midplane

coordinate, mm
z = vertical (out-of-plane) coordinate, mm
zc = out-of-plane(vertical or horizontal)

coordinateof core, mm
®i = inclination angle of faces in tapered sandwich

panel, rad
¯i = rotation of normals to face midplanes, rad
0i = number of plies in face laminates
°»³ i = transverse shear strain in faces
±i = slopes of faces
"0i = normal strains in faces
µ = angular coordinate in curved sandwich panel, rad
·i = face curvatures, mm¡1

º i
12; º i

21 = in-plane Poisson’s ratios of faces
»i ; ³i = local face coordinates, mm
¾

j
f = core transverse normal stresses transformed into

local face coordinates at top ( j D t/ and bottom
( j D b/ core/face boundaries, N ¢ mm¡2 (MPa)

¾ outer
i ; ¾ inner

i = stresses in outer and inner � bers of the faces,
N ¢ mm¡2 (MPa)

¾z = core transverse normal stress, N ¢ mm¡2 (MPa)
¿

j
f = core shear stresses transformed into local face

coordinates at top, j D t, and bottom, j D b,
core/face boundaries, N ¢ mm¡2
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¿x z = core shear stress, N ¢ mm¡2 (MPa)
Â j .x; z/ = distribution functions for core displacements

and stresses, where j D 1; : : : ; 5

Introduction

S TRUCTURAL sandwich panels can be considered as a spe-
cial type of composite laminate where two (or more) thin, stiff,

strongand relativelydensefaces(whichmay themselvesbe compos-
ite laminates) are separated by a thick, lightweight, and compliant
core material.Such sandwich structureshave gained widespreadac-
ceptanceas an excellentway to obtainextremelylightweightcompo-
nents and structureswith very high bending stiffness, high strength,
and high buckling resistance.1;2

Symmetric sandwich panels with constant core and face thick-
nesses represent the simplest possibledesign con� guration that will
provide suf� ciently lightweightstructures for many purposes.How-
ever, if sandwich structures that are highly optimized with respect
to weight are required, it is often necessary to use asymmetric sand-
wich panels with variable core and face thicknesses.

Sandwich structures are notoriously sensitive to failure by the
application of concentrated loads, at points or lines of support, be-
cause of localized bending effects induced in the vicinity of points
of geometric and material discontinuities. The reason for this is
that, althoughsandwich structures are well suited for the transfer of
overall bending and shearing loads, localized shearing and bending
effects, as mentioned, induce severe through-thickness shear and
normal stresses. These through-thicknessstress components can be
of signi� cant magnitudeand may in many cases approachor exceed
the allowable stresses in the core material, in the faces as well as in
the interfaces between the core and the faces.1;3;4

Sandwich panels with varying geometry are likely to experience
localized bending and shearing effects (as discussed) to a larger
extent than � at sandwich panels of constant geometry. Varying ge-
ometry in this context refers to sandwich panels with variable core
and face thicknesses,as well as sandwich panels where a change of
geometry occurs, for example, a transition from � at to tapered or
similar.

Very little research has been done to investigate such geomet-
rical change effects in sandwich panels. Exceptions from this are
the works presented by Thomsen and Vinson,5;6 and by Skvortsov
et al.,7 which include the analysis of transition zones between � at
and curved sandwich panels. Furthermore, tapering effects in sand-
wich panels were treated also in Ref. 6, as well as by Kassapoglou.8

The latter reference is concerned especially with so-called ram-
pdowns, where sandwich panels are thinned down to monolithic
laminates. Such rampdowns are made to provide for the mounting
of mechanical fasteners or adhesive bonding.

The objectiveof the work presentedwas to develop a general for-
mulation for the analysis of sandwich beams or plates with variable
core thickness. The model is based on a high-order sandwich the-
ory formulation,which includesthe transverse� exibilityof the core
material.This enables the face sheets to de� ect differentlyunder the
action of external loading, thus making it possible to quantify and
evaluate the localized bending effects (as described), as well as the
overall bending and shearing action effects.

Modeling
Figure 1 shows the principal geometric layout of the considered

type of tapered sandwich panel section.For simplicity, the faces are
assumed to be of constant thickness and may be inclined arbitrary
angles ®1 and ®2 , respectively, relative to the sandwich panel refer-
ence plane (de� ned by the Cartesian coordinate system x and zc/.
Flat/straight sandwich panels can be analyzed by setting the incli-
nation angles ®1 and ®2 to zero. The thickness of the core material
may change linearlyover the length of the sandwich panel. Because
the structural response is likely to include signi� cant core shear
and transversenormal stresses, as described in the Introduction, the
modeling is performed using a high-order formulation in which the
elastic responseof each face laminate is accountedfor and in which
the transverse core � exibility is included. Thus, the model allows
the sandwich panel thickness to change during deformation, and

Fig.1 Geometrical de� nitionofvariablecore thickness (tapered) sand-
wich panels.

Fig. 2 Equilibrium elements of tapered sandwich panel.

the existence of transverse normal stresses in the core material is
accounted for.

The face displacement components are denoted by ui and wi ,
i D 1; 2, and are de� ned relativeto the local face coordinatesystems,
»i and ³i in Fig. 2. The core displacement components uc and wc ,
are de� ned relative to the core coordinates x and zc (Fig. 2).

The adoptedhigh-ordersandwich formulation is equivalentto the
high-ordersandwichformulationsoriginallyintroducedfor theanal-
ysis of � at sandwich panels by Frostig et al.9 Frostig and Shenar,10

and Frostig and Baruch11; for the analysisof tapered sandwich pan-
els by Peled and Frostig12 and Frostig and Peled13; for the analysis
of adhesive bonded joints by Frostig et al.14; for the analysis of
multilayer-sandwich-type structures by Thomsen15;16; and recently
for the analysisof sandwich aircraft fuselagestructuresby Thomsen
and Vinson.5;6 In the present study, however, the high-order sand-
wich formulation is extended, compared to Refs. 5 and 9–16, to
includebending–stretching coupling and transverseshear effects in
the face sheets. These effects have proven to be important in some
cases of sandwich panels with laminated composite face sheets and
soft/compliant cores.6 The reason is that the localized bending and
shearingeffects can play an important role in such structures,where
the mechanical behavior of the face sheets is highly determined by
the bending–stretching coupling and transverse shear properties.6

Thus, the buildupof localizedstress concentrationsdue to localized
bending is highly in� uenced by the stiffness properties of the face
sheets.
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As mentioned, the high-ordermodel adopted in the present paper
includes the transverse � exibility of the core and, therefore, allows
the facesheetsto de� ect differentlyunderthe actionof externalload-
ing. This makes it possible to quantify and evaluate the localized
bending effects, as well as the overall bending and shearing action
effects. Note however, that because the faces are modeled using a
beam/plate/shell formulation the model does not provide very ac-
curate information about the local stress concentrationsin the faces
in the vicinity of load introductions, support points, and locations
of abrupt changes of geometry. The weak point in such structures,
however, is the core/face interfaces or the core itself in the vicin-
ity of discontinuitiesas already mentioned. Experimental results,17

as well as comparisons with exact elasticity solutions for rectan-
gular sandwich plates with composite faces,18 have shown that the
interface and core stresses are predicted reasonably accurately by
the high-order sandwich theory models. Moreover, to obtain more
accurate results, it is necessary to apply much more complex ana-
lytical models, or alternatively to conduct elaborate � nite element
analyses with solid elements and very � ne mesh densities.

Kassapoglu,8 in principle, applied the same basic concepts as
presented in Refs. 5 and 6 and 9–16. Thus, in Ref. 8, a similar
continuumformulationfor thecorematerial is adopted,and the faces
are modeled individually as laminated beams or plates. However,
the analysispresented in Ref. 8 is focusedentirelyon the solutionof
the rampdownproblemin sandwichpanels,anda generalhigh-order
sandwich beam or plate theory is not derived.

Core Stress and Displacement Fields
To include the transverse core � exibility, the core material is

modeled as a special type of orthotropic linear elastic solid only
possessing stiffness in the out-of-planedirection.Consequently,the
core stiffness is characterizedexclusivelyby the transverseYoung’s
modulus Ec and the transverse shear modulus Gc . Because of the
zero in-plane stiffness, the in-plane normal stress is nil, and the
stress � eld is de� ned solely by the transverse normal stress ¾z, and
the shear stress ¿xz.

The responseof the core material is coupledwith the responsesof
the face sheets by requiring continuity of the displacements across
the core/face boundaries, that is, at zc D c1.x/ and zc D ¡c2.x/
(Fig. 1).

The lengthwise variation of the core thickness c[c D c.x/] is de-
� ned relative to the core reference plane (which can be chosen ar-
bitrarily) according to the following linear relationships:

c1.x/ D c0
1 C ±1x; ±1 D

¡
cend

1 ¡ c0
1

¢¯
L

c2.x/ D c0
2 C ±2x; ±2 D

¡
cend

2 ¡ c0
2

¢¯
L

c.x/ D c1.x/ C c2.x/ (1)

where c0
1 C c0

2 D c0 (c0 is the initial core thickness), cend
1 C cend

2 D ce
(ce is the � nal core thickness), and ±i , i D 1; 2, are the slopes of the
upper and lower face sheets, respectively.

When the equilibrium, the kinematic, and the constitutive re-
lations are utilized for the core material considered as a two-
dimensionalelasticcontinuum,togetherwith the assumptionof zero
in-plane core stiffness, and with the conditionsof continuityof dis-
placements across the core/face boundaries, the following closed-
form expressions for the core stress and displacement � elds can be
derived:

¿x z.x; z/ D ¿x z.x/

¾z.x; z/ D [Ec=c.x/]fu1.»1; ¡ f1=2/ sin ®1 C w1.»1/ cos ®1

¡ u2.»2; f2=2/ sin ®2¡w2.»2/ cos ®2g

¡ ¿x z;x fz ¡ [c1.x/ ¡ c2.x/]=2g

wc.x; z/ D ¡.¿x z;x=2Ec/
©
z2 ¡ [c1.x/ ¡ c2.x/]z ¡ c1.x/c2.x/

ª

C u1.»1; ¡ f1=2/ sin ®1 Cw1.»1/ cos ®1 Cfu1.»1; ¡ f1=2/ sin ®1

C w1.»1/ cos ® ¡ u2.»2; f2=2/ sin ®

¡ w2.»2/ cos ®2g[z ¡ c1.x/]=c.x/

uc.x; z/ D u01hcos ®1 ¡ sin ®1Â1.x; z/i C u01;x sin ®1Â2.x; z/

¡ w1hsin ®1 C cos®1Â1.x; z/i C w1;x h. f1=2/fcos ®1

¡ sin®1Â1.x; z/gC cos ®1Â2.x; z/i C w1;x x . f1=2/

£ sin®1Â2.x; z/ ¡ .Q1 f1/
¯¡

2 C1
55

¢
hcos®1 ¡ sin ®1Â1.x; z/i

¡ .Q1;x f1/
¯¡

2 C1
55

¢
sin®1Â2.x; z/ C u02 sin ®2Â1.x; z/

¡ u02;x sin ®2Â3.x; z/ C w2 cos ®2Â1.x; z/ ¡ w2;x h. f2=2/

£ sin®2Â1.x; z/C cos ®2Â3.x; z/i C w2;x x . f2=2/

£ sin®2Â3.x; z/ C .Q2 f2/
¯¡

2 C2
55

¢
sin ®2Â1.x; z/

¡ .Q2;x f2/
¯¡

2 C2
55

¢
sin ®2Â3.x; z/ ¡ .¿xz=G c/hc1.x/ ¡ zi

C ¿x z;x Â4.x; z/ ¡ ¿x z;x x Â5.x; z/ (2)

where C i
55 , i D 1; 2, is the transverse shear stiffness of the faces, ¯i ,

i D 1; 2, is the rotation of the normals to the midlines of the faces,
and

Â1.x; z/ D [1=c.x/2]
«
.±1 C ±2/

£
c1.x/2

¯
2 ¡ z2=2

¤

C [±1c2.x/ ¡ ±2c1.x/][c1.x/ ¡ z]
¬

Â2.x; z/ D [c1.x/ ¡ z] ¡ [1=c.x/]
«
z2=2 C c1.x/2

¯
2 ¡ c1.x/z

¬

Â3.x; z/ D Â2.x; z/ ¡ [c1.x/ ¡ z]

Â4.x; z/ D .1=2Ec/
««

.±1 ¡ ±2/
£
c1.x/2

¯
2 ¡ z2=2

¤

C
¡
±2c0

1 C ±1c0
2 C 2±1±2x

¢
[c1.x/ ¡ z]

¬

Â5.x; z/ D .1=2Ec/
«
c1.x/3

¯
3 ¡ z3=3 ¡ [c1.x/ ¡ c2.x/]

£
c1.x/2

¯
2

¡ z2=2
¤

¡ c1.x/c2.x/[c1.x/ ¡ z]
¬

(3)

It is seen from Eqs. (2) and (3) that ¿x z is predicted to be constant,
that ¾z varies linearly, that wc varies quadratically,and that uc varies
cubically across the core thickness.

Governing Equations for the Faces
The faces are modeled using classical lamination theory as lami-

natedbeams or plateswith inclusionof bending–stretchingcoupling
effects as well as transverseshear effects. Thus, the modeling of the
faces corresponds to a � rst-order shear approach. Dissimilar faces,
that is, faces of different materials, different laminate stacking se-
quences, and different thicknesses,can be included in the analysis.

Figure 2 shows the equilibriumelements of the tapered sandwich
panel element shown in Fig. 1.

When Figs. 1 and 2 are referred to, the face beam constitutive
relations in the straight, tapered, and curved panel sections read

Ni D Ai
11"0i C B i

11·i ; Mi D B i
11"0i C Di

11·i

Qi D C i
55°» & i ; i D 1; 2 (4)

where "0i , ·i , and °mni are the midplanenormal strains,the curvature
change of the face sheet midlines, and the transverse shear strains.
Ai

11, B i
11, Di

11 , and C i
55, i D 1; 2, are the principal face sheet exten-

sional, coupling, bending, and transverse shear stiffnessesobtained
from classical lamination theory2:
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Ai
11 D

0iX

k D 1

¡
Q i

11

¢
k
.hk ¡ hk ¡ 1/

B i
11 D 1

2

0iX

k D 1

¡
Q i

11

¢
k

¡
h2

k ¡ h2
k ¡ 1

¢

D i
11 D 1

3

0iX

k D 1

¡
Q i

11

¢
k

¡
h3

k ¡ h3
k ¡ 1

¢

C i
55 D 5

4

0iX

k D 1

¡
Q i

55

¢
k

µ
hk ¡ hk ¡ 1 ¡ 4

3 fi

¡
h3

k ¡ k3
k ¡ 1

¢¶
; i D 1; 2

(5)

where 0i , i D 1; 2, is the number of laminas in the upper and lower
faces, respectively, and where

¡
Qi

11

¢
k

D

"
E i

11¡
1 ¡ ºi

12º
i
21

¢
#

k

;
¡
Q i

55

¢
k

D
¡
G i

13

¢
k

i D 1; 2 (6)

In Eqs. (6), .E i
11/k ; .º i

12/k ; .º i
21/k , and .G i

13/k , i D 1; 2 and
k D 1; : : : ; 0i , are the Young’s moduli, the in-plane Poisson’s ra-
tios, and the transverse shear stiffnesses of the kth laminas of the
upper and lower face laminates, respectively.

The analysis is limited to small strains and very small rotations,
and accordingly the strain–displacement relations read

u i D u0i C &i ¯i ; "i D "0i C &i ·i ; "0i D u0i;»

wi;» D °»³i ¡ ¯i ; ·i D ¯i;» ; i D 1; 2 (7)

With reference to Fig. 2, the equilibrium equations can be ex-
pressed in the form

N1;x cos®1 ¡ ¾ t
z cos ®1 sin ®1 ¡ ¿xz

©
cos2 ®1 ¡ sin2 ®1

ª
C n1 D 0

Q1;x cos ®1 ¡ ¾ t
z cos2 ®1 C ¿x z2 cos®1 sin ®1 C q1 D 0

M1;x cos ®1 ¡ Q1 C . f1=2/
«
¾ t

z cos®1 sin ®1

C ¿x z

©
cos2 ®1 ¡ sin2 ®1

ª¬
¡ m1 D 0

N2;x cos®2 C ¾ b
z cos ®2 sin ®2 C ¿x z

©
cos2 ®2 ¡ sin2 ®2

ª
C n2 D 0

Q2;x cos ®2 C ¾ b
z cos2 ®2 ¡ ¿xz2 cos ®2 sin ®2 C q2 D 0

M2;x cos ®2 ¡ Q2 C . f2=2/
«
¾ b

z cos ®2 sin ®2

C ¿x z

©
cos2 ®2 ¡ sin2 ®2

ª¬
¡ m2 D 0 (8)

The transformation between the face/core interface transverse
normal and shear stresses de� ned in local face coordinates » i and
³ i and the core transverse normal and shear stresses de� ned in the
core coordinates x and zc (Fig. 1) is carried out according to the
following expressions:

¿ i
f D ¾ i

z cos ® j sin ® j C ¿x z

©
cos2 ® j ¡ sin2 ® j

ª

¾ i
f D ¾ i

z cos2 ® j ¡ 2¿x z cos ® j sin ® j

i D t; b; j D 1; 2 (9)

In Eqs. (8) and (9), note that the inclination angles ® j , j D 1; 2,
are considered positive in the counterclockwise direction (Figs. 1
and2). Also in Eqs. (8) and (9), ni ,qi , andm i , i D 1; 2, aredistributed

in-plane, lateral, and bending moment loads. Superscripts t and b
refer to the top and bottom core/face boundaries, respectively.

Governing Equations and Boundary Conditions
When the face sheet equations (4–9) are combined with the

core layer equations (5–9), and displacement continuity is imposed
across the core/face boundaries, the set of governing differential
equations is obtained. The governing equations can be represented
in the general form of 14 coupled � rst-order ordinary differential
equations:

d
ds

fy.x/g D [A.x/]fy.x/g C fB.x/g

fy.x/g D fu01; w1; ¯1; N1; M1; Q1; ¿x z; ¿x z;x ; u02; w2;

¯2; N2; M2; Q2g (10)

In Eqs. (4), fy.x/g is the vector of fundamental variables, [A.x/]
is a stiffnessmatrix, and fB.x/g is a vectorof nonhomogeneousload
terms.

The order of the set of governing equations is 14, and conse-
quently, the number of boundary conditions to be speci� ed on an
edge x D const is 14

2
D 7, three for each face and one for the core

material.
The governing equations together with the boundary condi-

tions constitute a boundary-value problem, which in the present
case was solved numerically using the multiple point shooting
method described in Ref. 19 and used recently in Refs. 5, 6, 15,
and 16.

Comparison with Finite Element Results
and Numerical Examples

To illustrate the featuresof the load transfermechanisms in sand-
wich panels with varying core thickness, as well as to demonstrate
the applicability of the developed high-order sandwich theory for-
mulation, the results of a numerical study will be presented. For
simplicity, the case of a sandwich panel in three-point bending has
been chosen, and the two different sandwich panel con� gurations
shown in Fig. 3 are analyzed.

Example A is a sandwich beam with a continuous taper. Exam-
ple B is a sandwich beam with three sections, two � at sections next
to the simple supports at the ends and one tapered section in the
middle of the beam.

Speci� cation of Boundary Conditions
With reference to Fig. 3, the boundary and continuity conditions

for the two sandwich beam con� gurationsare prescribedas follows:

Example A

Example B

Fig. 3 Tapered sandwich panel con� gurations in three-point bending.
(Only one half is shown due to symmetry.)
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Example A: Continuous Taper
With simple (rolling) horizontal support at x D 0,

N1 cos ®1 ¡ Q1 sin ®1 D 0; N1 sin ®1 C Q1 cos®1 D 0

M1 D 0; ¿x z D 0; u2 cos®2 ¡ w2 sin ®2 D 0

u2 sin ®2 C w2 cos ®2 D 0; M2 D 0 (11)

With the vertical plane of symmetry at x D L ,

u1 cos ®1 ¡ w1 sin ®1 D 0; N1 sin ®1 C Q1 cos®1 D ¡P=2

¯1 D 0; ¿xz D 0; u2 cos ®2 ¡ w2 sin ®2 D 0

N2 sin ®2 C Q2 cos ®2 D 0; ¯2 D 0 (12)

Example B: Flat and Tapered Sections
With simple (rolling) support conditions at x D 0,

N1 D M1 D Q1 D 0; ¿c D 0; w2 D N2 D M2 D 0 (13)

There is a junction between the � at and tapered part of the sand-
wich panel and continuity of the fundamental variables, that is,

uC
0i D u¡

0i cos®i C w¡
i sin ®i ; wC

i D ¡u¡
0i sin ®i C w¡

i cos ®i

¯C
i D ¯¡

i ; N C
i D N ¡

i cos ®i C Q¡
i sin ®i ; MC

i D M¡
i

QC
i D ¡N ¡

i sin ®i C Q¡
i cos ®i ; ¿C

x z D ¿ ¡
x z

¿ C
x z;x D ¿ ¡

xz;x ; i D 1; 2 (14)

In Eqs. (14) superscriptsC and ¡ refer to the values of the funda-
mental variables when the junction is approached from the left and
the right sides, respectively.

In the vertical plane of symmetry,

u1 cos ®1 ¡ w1 sin ®1 D 0; N1 sin ®1 C Q1 cos®1 D ¡P=2

¯1 D 0; ¿xz D 0; u2 cos ®2 ¡ w2 sin ®2 D 0

N2 sin ®2 C Q2 cos ®2 D 0; ¯2 D 0 (15)

For both examplesA andB, the distributedsurfaceloadsare given
by

n1 D q1 D m1 D 0; n2 D m2 D q2 D 0 (16)

Geometry, Material Properties, and External Load
The constituent materials are assumed to be carbon/epoxy

T300/5208 unidirectionalfor both face sheets, togetherwith a poly-
meric foam core. The material data are assumed to be as follows:

a) b)

Fig. 4 Deformed � nite element model and comparison of vertical displacements predicted by HOST and FEA.

For the foam core, Ec D 100 MPa, and G c D 38:5 MPa (Klegecell
PVC foam, density 100 kg/m3/. For the face sheets, E11 D
153:0 GPa, G13 D 5:6 GPa, º13 D 0:3, and º31 D 0:021.

The geometry of the two sandwich beam examples is de� ned
by the following: For example A, symmetric with continuous ta-
per, L D 1000 mm, c0 D 200 mm, ce D 300 mm, f1 D f2 D 5 mm,
and tan ®1 D ¡ tan ®2 D 0:05 (®1 D ¡®2 ¼ 2:9 deg). For example B,
� at and tapered con� guration, La D Lb D 500 mm, c0 D 200 mm,
ce D 300 mm, f1 D f2 D 5 mm, tan ®1 D 0:2, and tan ®2 D 0
(®1 ¼ 11.3 deg, ®2 D 0). The external point load is de� ned per unit
width of the sandwich beam, P D 100 N/mm.

Sandwich Con� guration A: Comparison with Finite Element
Analysis Results

Comparative � nite element analyses have been conducted with
the objective of validating the developed high-order sandwich the-
ory for sandwich beams and plates with varying core thickness.For
the purposes of the present paper, selected comparative results ob-
tained for sandwich panel con� guration A (symmetric and with a
continuous taper) are presented.

The � nite element analysis was performed using a four-node
MITC20-stabilized general shell element implemented in the soft-
ware package MUST developed at the Institute of Mechanical En-
gineering, Aalborg University.20 The element has � ve degrees of
freedom (DOF) per node, but all out-of-plane DOF have been re-
strained in the analysis to enforce the two-dimensional conditions
of the high-order sandwich theory. Thus, the general shell element
was used as a pure membrane element.

The tapered sandwich panel (example A) was modeled using 10
elements through the thickness of each face sheet and 40 elements
throughthe thicknessof the core. In all, 15,000elementsand 15.311
nodes have been used for the model. Only one-half of the tapered
sandwich panel was modeled, and the boundary conditions of the
� nite element model were adopted from the high-order sandwich
beam/plate model.

Figure 4a shows one-half of the tapered sandwich panel as pre-
dicted by the � nite element analysis. The meshing of the � nite ele-
mentmodel is alsoshownin Fig. 4, and thecontoursshown represent
the predicted lateral displacements.

Figure 4b also shows the vertical displacementsof the midplanes
of the top and bottom faces and the core, as predicted by the high-
order sandwich theory HOST and the � nite element analysis (FEA).
The displacement patterns obtained from the two methods gener-
ally compare very well. It is seen, however, that the FEA results are
slightly lower than the HOST results,which can be attributed to that
the � nite element method generally exaggerates the stiffness of the
structure.The peak lateral displacementoccurs at the top face at the
vertical midplane and is predicted as 6.3 mm (wHOST

1 / by the HOST
analysis,whereas it is predicted at 5.8 mm by FEA (wFEA

1 /. A char-
acteristic nontrivial feature of the displacement patterns predicted
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a) Core stresses at core/face boundaries b) Face stresses

Fig. 5 Comparison between HOST and FEA results.

Example A Example B

Fig. 6 Vertical displacement components.

by both methods is that the lower face tends to bulge upward lo-
cally in the vicinity of the vertical midplane of the sandwich panel.
This behavior is somewhat counterintuitiveand cannot be predicted
by application of simpler classical sandwich or beam theories, as
described in Refs. 1 and 2, for example.

Figure 5 shows the distributions of the core stresses at the core
face/interfacesand the face normal stressespredictedby HOST and
FEA, respectively.

Figure 5a shows the core stresses at the top and bottom face/core
interfaces.The stresses are given in the local face coordinates. (See
Fig. 3 for de� nition of the stresses ¾ t

f , ¾ b
f , ¿ t

f , and ¿ b
f .) The detailed

features of the predicted core stress distributionswill be discussed
later, but it is seen from Fig. 5 that the overall patterns predicted by
HOST and FEA are very similar. The numerical values predicted
also match very well at the vertical plane of symmetry and in the
interior parts of the sandwich panel. At the left end, that is, in the
vicinity of the rolling support (Fig. 3), the match is less convinc-
ing with respect to the predicted numerical values even though the
overall distribution patterns are similar. The observed discrepancy
is especially pronouncedwith respect to the predicted values of the
transverse normal stresses at the lower core/face interface exactly
at the position of the rolling support (compressive peak values):
(¾ t

f /
HOST ¼ ¡2:5 MPa, whereas (¾ t

f /
FEA ¼ ¡4:5 MPa. The cause of

this discrepancy is not clear, but note that neither of the methods
can be expected to provide very accurate results exactly at the point
of contact between the support and the lower face.

Figure 5b shows the face stressespredictedby the two methods in
the inner and outer � bers of the top and bottom faces, respectively.

(Here ¾ inner
i and ¾ outer

1 are the normal stresses in the inner and outer
� bersof the top face, respectively,and ¾ inner

2 and ¾ outer
2 are the normal

stresses in the inner and outer � bers of the bottom face sheet.) As
for the core stresses, the detailed featuresof the predicted face stress
distributions will be discussed later, but it is seen from Fig. 5 that
both the overall distributionpatterns as well as the actual numerical
values predicted by HOST and FEA display a close match. Thus,
the two methods agree with respect to the quantitative description
of both the overall and the localized bending phenomena that are
active in the chosen example.

In conclusion, it can be stated that the HOST and the FEA have
provided very similar results, with respect to both the overall distri-
bution features and the actual numerical values.

Numerical Results: Comparison of Sandwich Con� gurations A and B
The two cases of tapered sandwich panels shown in Fig. 3 will be

compared in some detail. The numerical results have been derived
using HOST as presented in this paper. Selected results will be
presented, and important features of the elastic response of the two
sandwich panel con� gurations will be compared.

Figure 6 shows the verticaldisplacementcomponentsof the faces
and of the reference plane of the core material. From Fig. 6 it is
seen that con� guration B is stiffer than con� guration A in a global
sense because the peak de� ections are lower. It is also observed that
signi� cant local bending effects are present in the vicinity of the
support point, x D 0, and the load application point, x D 1000 mm.
In these regions, it is seen that the sandwich panel thicknesschanges
signi� cantly due to indentation of either the bottom, x D 0, or the
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Example A Example B

Fig. 7 Horizontal stress resultants.

Example A Example B

Fig. 8 Vertical stress resultants.

top face into the core material, x D 1000 mm. For example B, it
is also seen that local bending effects occur in the vicinity of the
junction between the � at and the tapered sections at x D 500 mm.

Figure 7 shows the distribution of horizontal stress resultants
in the faces and the core material. It is observed that the primary
contributions to the horizontal stress resultants stem from the in-
plane face resultants N1 and N2. Also, it is seen that there is no
net horizontal stress resultant as expected due to the simple support
conditions adopted.

Figure 8 shows the distributionof vertical stress resultants in the
faces and the core material. It is seen that the overall distribution
pattern is complicated and that all of the stress resultants contribute
signi� cantly to the vertical load transfer for both examples A and
B. When example A is considered, it is observed that the vertical
componentof the in-planenormal stressresultantscontributesignif-
icantly despite the relatively modest taper (®1 D ¡®2 ¼ 2:9 deg) of
the sandwich beam. However, the vertical resultantof the core shear
stresses Qcore contributesmost signi� cantly to the overall shear load
transfer, as expected. When example B is considered, it is seen that
the vertical load transfer changes signi� cantly at the junction be-
tween the � at and the tapered beam sections. Thus, in the � at beam
section,the in-planestressresultantsdo not contributeat all, because
they do nothavea verticalcomponent,whereas N1 and N2 contribute
signi� cantly to the overall shear load transfer in the tapered zone of
the beam. This observation is, in fact, the key to understanding the
principal difference between the load transfer mechanisms in later-
ally loaded � at and tapered sandwich beams. Thus, it is seen that
the core shear stresses (and, thereby, the core shear stress resultant

Qcore/ are relievedconsiderablyin the taperedsectionbecauseof the
increased shear load transfer capability of the faces in this zone. As
expected for the three-point beam bending problem, it is observed
that the total resultant of the transverse shear stress resultants Qres

is constant (Qres D ¡P=2 D ¡50 N/mm) along the length of the
beam.

Figure 9 shows the distributionof the bending moment resultants
for examples A and B. It is seen that the local face bending moment
resultants M1 and M2 are of very modest magnitude, compared to
the resulting bending moment resultant Mres . As expected for the
three-point beam bending problem, it is also observed that Mres

varies linearly along the beam length.
Figure 10 shows the core stresses along the interfaces between

the core material and the faces. (See Fig. 3 for de� nition of the
stresses ¾ t

f , ¾ b
f , ¿ t

f , and ¿ b
f :/ It is seen that the results for the two

examples are very similar. Considering the transversenormal stress
distributions, it is seen that very high compressive stress peaks are
present at the lower face/core interface at x D 0 (support point).

In Fig. 10 it is also seen that compressive stress peaks of signi� -
cantly smallermagnitudeare presentat the upper face/core interface
at the beam midspan, x D 1000mm. These compressivestresspeaks
correspond to the local indentations of the bottom and upper faces
displayed in Fig. 6. It is further observed that the peak value of ¾ t

f
(interface normal stress at top interface) at x D 1000 mm is signi� -
cantly lower for example B than for example A. The reason for this
is that the taper angle of the top face sheet is much larger for ex-
ample B than for example A. This increases the shear load transfer
capability of the top face in example B considerably, and a smaller



1874 THOMSEN AND VINSON

Example A Example B

Fig. 9 Bending moment resultants.

Example A Example B

Fig. 10 Core stresses at face/core boundaries.

Example A Example B

Fig. 11 Face stresses.

amount of the applied load is thereby transferred directly into the
core material.

Finally, Fig. 11 shows the normal stresses in the faces of the two
sandwich panel con� gurations. In Fig. 9, ¾ inner

1 and ¾ outer
1 repre-

sent the normal stresses in the inner and outer � bers of the top face,
respectively.Similarly,¾ inner

2 and ¾ outer
2 representthenormalstresses

in the inner and outer � bers of the bottom face sheet. As also ob-
served from Figs. 6, 8, and 10, it is seen from Fig. 11 that signi� cant

local bending effects are present in the faces in the vicinity of the
support and load application points. Thus, local stress peaks (both
compressiveand tensile)of veryhigh magnitudeare inducedat these
locations. Between the support point, x D 0, and the load applica-
tion point, x D 1000 mm, the face stresses display a linear variation
with compression in the bottom and tension in the upper face. This
pattern correspondsexactly to the magnitude and distributionof the
total bending moment resultant Mres shown in Fig. 9. However, the
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local bending moment resultants M1 and M2 , although numerically
small compared with Mres (Fig. 9), increase suf� ciently in the end
and midspan zones to induce the signi� cant localized stress peaks
shown in Fig. 11. When example A is compared to example B, it is
seen that the local stress peaks induced at x D 1000 mm (midspan)
are much smaller for the latter. The reason for this is that taper
angle of the top face is much steeper for example B than for exam-
ple A and, thus, providesfor a much more ef� cient load introduction
path.

Conclusions
A newly developed HOST formulation for the analysis of sand-

wich panels with varying core thickness and with nonparallel faces
(both faces can be inclined relative to the sandwich panel refer-
ence surface) has been presented. In this formulation, the elas-
tic response of each face is accounted for individually, including
bending–coupling and transverseshear effects. The core material is
modeled as a special type of orthotropic solid possessing stiffness
only in the through-thickness direction. Consequently, the model
includes the transverse� exibilityof the core material, and the sand-
wich panel thickness can change during deformation.

To demonstrate the capability and the characteristics of the de-
velopedHOST formulation,two different sandwich beams in three-
point bending have been analyzed: one with a continuous and
symmetric taper and the other with combined � at and tapered
asymmetric regions.

The results obtained for the continuous taper sandwich beam
problem were compared with results obtained from an elaborate
FEA. The comparison demonstrated a close match between the
results obtained using the two methods.

With respect to the comparison between the continuousand sym-
metric taperedsandwichpaneland thecombinedsectionasymmetric
sandwichpanel, the resultsof the analyseshave shown that the faces
interact through the core material in a very complicatedway. This is
especially the case in the vicinity of the load introduction and sup-
port points, as well as in the vicinityof locationsof abruptgeometric
change, where severe localized bending effects are induced. These
localized bending effects induce severe stress concentrations in the
core material as well as in the faces. In particular, the core stress
state is dominated by severe transverse normal stresses in regions
where the localized bending of the faces occurs. Furthermore, the
analyses have demonstrated that the face normal stresses induced
by localized bending can be very large, and in the two analyzed
examples, these local stress peaks by far exceed the face stresses
induced by overall beam bending. The local stress peaks may
severely endanger the structural integrity of the sandwich panels
under consideration.

Finally, the analyses have demonstrated quantitatively that the
principal difference between the load transfer mechanisms in lat-
erally loaded � at and tapered sandwich beams is that the faces in
tapered sandwich panels can contribute signi� cantly to the over-
all shear load transfer. This will cause a relief of the core shear
stresses, and the effect may be signi� cant even for relatively small
taper angles.
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